We study if eternal inflation is realized while satisfying the recently proposed string Swampland criteria concerning the range of scalar field excursion, |∆φ| < D · MP, and the potential gradient, |∇V | > c · V /MP, where D and c are constants of order unity, and MP is the reduced Planck mass. We find that only the eternal inflation of chaotic type is possible for c ∼ O(0.01) and 1/D ∼ O(0.01), and that the Hubble parameter during the eternal inflation is parametrically close to the Planck scale, and is in the range of 2πc H inf /MP < 1/ √ 3.
I. INTRODUCTION
The inflation is a quasi de Sitter expansion of the Universe [1] [2] [3] [4] [5] , which not only solves various initial condition problems of the standard big bang cosmology, but also provides a natural explanation of the origin of density perturbations. Accumulating observational evidences support that our Universe experienced inflation at an early stage of the evolution (see e.g. Ref. [6] ).
When the currently observable scales exited the horizon during inflation, the energy scale was much smaller than the Planck scale. Therefore, the inflation can be well described by a low-energy effective theory. This does not necessarily mean, however, that any inflation models realized in the language of the effective theory can be UV completed. In fact, it is widely believed that consistentlooking effective field theories could be in the swampland that cannot be consistently embedded in quantum gravity [7] . It is of utmost importance to have the correct criteria to identify the boundary between the landscape and the swampland.
There have been proposed several conjectures on such criteria motivated by black hole physics [8] or string compactifications [9] [10] [11] . Recently it was proposed that an effective field theory that can be embedded consistently in quantum gravity must satisfy the two conditions concerning the range of scalar field excursion and the potential gradient [12, 13] . These conjectures are known to tightly constrain possible inflation theories, especially those based on a single-field slow-roll inflation regime. This lends support to more complicated inflation models or non-standard history of the Universe such as chromonautral inflation [14] , multi-field inflation [15] or curvaton scenarios [16] .
In this paper we study if eternal inflation is realized while satisfying the above two swampland criteria. The eternal inflation [17] [18] [19] [20] [21] [22] precedes the inflation epoch during which the currently observable scales exited the horizon, and it is considered to play an important role in populating various vacua (and therefore various theoretical possibilities) in the landscape. Once the eternal inflation takes place, it may be even possible to explain based on the anthropic argument an apparently contrived finetuning of the parameters or set-up that are necessary for the complicated life to emerge. We will show in the later sections that only the eternal inflation of chaotic type is possible, and it requires that the numerical coefficients appearing in the swampland criteria are parametrically smaller or larger than unity.
II. SWAMPLAND DISTANCE/DE SITTER CONJECTURES
Here we briefly summarize the recently proposed two swampland criteria. The first one is the Swampland Distance Conjecture [12, 23] , which states that any effective field theories are valid only for a finite variation of the scalar field, ∆φ. In the string compactification, the mass of an infinite tower of states (collectively denoted by m) become exponentially light in the field distance ∆φ,
where M P 2.4 × 10 18 GeV is the reduced Planck mass, and D is a numerical constant of order unity, but its precise value depends on details of the compactification. One can see that the large field deviation, ∆φ DM P , would spoil the low-energy effective field theories, since a tower of the heavy states continuously become so light that they generally affect the low-energy dynamics. Thus, the following condition must be satisfied for the validity of the low-energy description,
where the first inequality is such that heavy states should remain heavy during the scalar field excursion, ∆φ. For D = O(1), the field variation ∆φ cannot be much larger than the Planck mass. See e.g. Refs. [23] [24] [25] [26] [27] for evidences supporting the conjecture.
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The second one is the Swampland de Sitter Conjecture [13] , which states that the low-energy effective potential, V , consistent with quantum gravity must satisfy
where |∇V | is the norm of the gradient of V on the scalar manifold, and c is a constant. The conjecture is based on recent discussions and criticisms about constructing de Sitter vacua in string theory (see e.g. [28] for a recent review). The bound (3) forbids de Sitter vacuum solutions and also restricts possible slow-roll inflation scenarios. The validity of these conjectures and their cosmological implications have been recently discussed in Refs. [15, 16, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
The condition for inflation is formally written as
where a(t) is the scale factor, the overdot denotes the derivative with respect to the cosmic time, t, and H(t) = a/a is the Hubble parameter. The slow-roll condition requires < 1, while the conjecture (3) restricts the slowroll parameter,
Thus, the slow-roll inflation requires c < √ 2. In fact, the Planck measurements of the Cosmic Microwave Background (CMB) [6] further restricts the slowroll parameter as < 0.0045, which leads to c < 0.094. Therefore, the condition (3) cannot be satisfied if c is strictly equal to unity in a simple inflation model. Note that more complicated inflation models or non-standard history of the Universe such as multi-field inflation [15] or curvaton-like scenarios [16] can ameliorate the tension.
Lastly we emphasize that the precise values of c and D depend on the detailed string construction and they can be slightly larger or smaller than unity [38] . In the following sections, we study if eternal inflation can be realized while satisfying the above two swampland conjectures. In particular, we derive conditions on c and D, allowing possible deviations from their canonical values.
III. ETERNAL INFLATION
One of the most intriguing properties of the inflationary paradigm is that inflation can be eternal [17] [18] [19] [20] [21] (see also Ref. [22] ). Once the eternal inflation begins, it never ends and continues to create an infinite number of the so-called bubble or pocket universes.
The eternal inflation occurs in a variety of set-ups, and they can be broadly classified into three categories; old inflation, hilltop inflation, and chaotic inflation. The old inflation is a classic example of eternal inflation. It takes place in a false vacuum, which collapses into one of the lower-energy vacua through tunneling and bubble formation, which is followed by slow-roll inflation. Inside such a bubble, the inflaton energy is transferred to a hot dense plasma after the slow-roll inflation ends. A collection of those bubble regions form pocket universes. The entire Universe, on the other hand, continues to inflate, populating an infinite number of the pocket universes. Our observable Universe is contained in one of the pocket universes.
If the fundamental theory has a large number of the false vacua (e.g. the string landscape [44] ) with each having different values of the coupling constants and the cosmological constant [45] [46] [47] [48] , an apparently contrived finetuning of the parameters may be explained by anthropic arguments. The eternal inflation plays a crucial role to populate various vacua in the landscape.
The eternal hilltop or chaotic inflation takes place when quantum fluctuations of the inflaton dominate over its classical motion. In the case of eternal hilltop inflation [17, 18] , it occurs in the vicinity of the local maximum of the potential where the classical motion vanishes, while in the case of eternal chaotic inflation [19] [20] [21] , it occurs at large-field values where the quantum fluctuation becomes significant. In either case, once the eternal inflation happens, it continues to inflate, which similarly helps to realize an apparently fine-tuned parameters and/or initial conditions required for e.g. the subsequent slow-roll inflation, curvaton scenarios, baryogenesis, etc.
The Swampland de Sitter Conjecture (3) forbids de Sitter vacua or de Sitter extrema [13] . This immediately excludes the eternal old and hilltop inflation. 1 In the following, therefore, we focus on the eternal inflation of chaotic type.
A typical example of the chaotic inflation is characterized by potentials of the form V (φ) ∝ φ p with large field excursion ∆φ > M P [50] 2 . The quantum fluctuations of the inflaton on the de Sitter spacetime are frozen after the horizon exit, and they can be considered as Brownian fluctuations or random walks whose step size is equal to H/2π with a time interval H −1 . The two-point correlation function δφ 2 is given by
which grows with the cosmic time. Here we approximate that the Hubble parameter is constant for simplicity, but we take into account the dependence of the Hubble parameter on the inflaton field in the next section.
In order to see how the eternal chaotic inflation takes place, let us consider a Hubble-size patch with a physical size R H −1 where the inflation takes place. After the time interval t, this region exponentially expands to the size of R H −1 exp (Ht), which contains N patch exp (3Ht) Hubble patches. The inflaton field takes a different value in each Hubble patch due to the accumulated quantum fluctuations. Let P (φ, t) denote the probability for the inflaton field to be equal to φ at the time t in a Hubble patch. As an extreme case, let us estimate the probability for φ to increase and roll up the potential all the time during the time interval t. Such probability P (φ, t) is approximately given by
Thus, the probability exponentially decreases with the time, as expected. However, this does not necessarily mean that the number of such Hubble patches decreases with time, because the physical volume also increases as exp (3Ht), which can compensate the exponentially small probability. Indeed, multiplying the volume factor, one obtains e Ht·(3−ln 2) ∼ e 2.3Ht .
This means that the inflaton field keeps increasing in some Hubble patches, whose number is actually increasing due to the inflationary expansion.
In the above simplified discussion, we have neglected the classical motion of the inflaton and assumed that inflaton dynamics is dominated by the quantum jumps. We also did not consider its back reaction on the Hubble parameter. However, the essentially same thing can happen in a realistic case, as long as the quantum fluctuation is larger than the classical motion in a Hubble time. As a result, the inflaton can roll up the potential in some Hubble patches due to the fluctuations, and inflation continues to take place somewhere in the Universe. Remarkably the eternal chaotic inflation does not require the potential minimum nor maximum, and in principle it can avoid the swampland conjectures. We will study this issue in more detail in the next section.
IV. ETERNAL CHAOTIC INFLATION AND SWAMPLAND
In this section we study if the eternal chaotic inflation can be realized while satisfying the swampland conjectures. As we have seen before, eternal inflation takes place if quantum fluctuations dominate over classical variations of the inflaton field over the Hubble time [21, 22] . Let us assume that inflation is driven by a single scalar field φ. We define the slow-roll parameter as follows,
If the above slow-roll parameters are much smaller than unity, the inflaton slowly rolls on the potential, and its dynamics is described by the following equations,
where the prime denotes the derivative with respect to φ.
Neglecting the inflaton mass, the quantum fluctuations are approximately written as
On the other hand, the classical field variation over the Hubble time H −1 is
The eternal inflation takes place if δφ q is larger than δφ c [21, 22] ,
Note that this implies that density perturbations of the modes that exited the horizon during eternal inflation have size of order unity, and the eternal inflation cannot be responsible for the density perturbations at the currently observable scales. We need another slow-roll inflation or other mechanism for generating the observed density perturbations. Once the condition (13) is satisfied, eternal chaotic inflation takes place, which would populate many vacua in the landscape, if exist. Using the slow-roll parameters , one can rewrite the condition for eternal inflation as
By using the constraint (5) on from the Swampland de Sitter conjecture, we arrive at
In order for the inflaton potential not to exceed the Planck energy, V < M 4 P , we also need 2 √ 3πc < 1. Thus, the eternal chaotic inflation is possible only if the Hubble parameter is parametrically close to the Planck scale unless c is much smaller than unity, and quantum gravity effects may be significant. See e.g. Refs. [1, 49, [58] [59] [60] [61] .
For example, if we assume a mild hierarchy, H/M P ∼ 0.1, to suppress quantum gravity effects, the constant c must be c 0.01. which is even tighter than the CMB bound, c < 0.094 (see discussion below Eq. (5)). This implies that, for the eternal inflation to be described by the classical treatment of the spacetime, one of the slowroll parameters can be much smaller than the current upper bound.
Assuming the inflaton potential shape, one can estimate the inflaton field value where the eternal inflation is possible. In the case of the quartic potential, V = λφ 4 , this is given by φ c 3.5λ −1/6 M P . By combining (15), we obtain
Thus, we need c O(0.01) and 1/D O(0.01) for the eternal chaotic inflation to take place.
V. DISCUSSION
The quantum fluctuations on the expanding universe can bring the inflaton field back to the initial state [20] or false vacuum [62] . Such recycling process of the inflation makes the inflation eternal. Let us consider the possibility that the inflaton field at the end of the slow-roll inflation rolls up the potential by quantum fluctuations, following the argument of Ref. [46] . The probability density function P (φ) of finding the inflaton field of the value φ is given by a gaussian distribution with the variance δφ 2 = H 2 /4π 2 for one Hubble time [63] . Now, we consider a situation where at the end of the inflation the inflation field φ end jumps up and becomes φ through quantum jump in some Hubble patches. At the end of large-field inflation, the classical field variation during the Hubble time is of order the Planck mass, and so, the inflaton needs to jump upward by more than the Planck mass to overcome the classical motion. Let us denote the quantum jump by C · M P with C 1. Then the probability for such a large quantum jump is given by
where we have used the gaussian distribution with the variance δφ 2 = H 2 /4π 2 . Suppose that, due to the previous inflationary expansion, there is a large number of the Hubble patches just before the inflaton experienced the large jump. The number of the Hubble patches that experience such a large jump is estimated as
where N e is the total e-folding number of the previous inflationary expansion. Thus, if we use C ≈ 1, we obtain
to find more than one such Hubble patch. In order to goes back to the inflaton field value where the eternal inflation takes place, the total e-folding number must be even larger. The required lower bound on the e-folding number is in tension with the Swampland distance conjecture since it heavily restricts the duration of the inflation [15, 30, 38] . By using the Swampland distance criterion and the Lyth bound [64] we connect the field variance ∆φ and the total e-folding number N e as follows:
where the lower bound of Eq. (19) comes from the cosmological observations to solve the horizon and flatness problems. Thus, the recycling process of the eternal inflation is also restricted by this bound.
VI. CONCLUSIONS
The eternal inflation is believed to play an important role in populating various vacua in the landscape if exists. It also helps to realize apparently fine-tuned parameters or set-ups based on the anthropic arguments. In this paper we have studied if the eternal inflation can be realized while satisfying the recently proposed Swampland conjectures. We found that only the eternal inflation of chaotic type is possible. The Hubble parameter during the eternal inflation is parametrically close to the Planck scale, and it requires the numerical constants c and 1/D appearing in the conjectures to be of O(0.01) or smaller. Even though the eternal inflation is not responsible for the observed density perturbations, the derived constraints on the numerical coefficients c and 1/D have interesting implications for observables such as the tensor-to-scalar ratio as well as the dark energy equation of state through the Swampland conjectures.
